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Simultaneous analysis of matter radii, transition probabilities, and excitation energies of Mg
isotopes by angular-momentum-projected configuration-mixing calculations
Mitsuhiro Shimada,1 Shin Watanabe,1 Shingo Tagami,1 Takuma Matsumoto,1 Yoshifumi R. Shimizu,1 and Masanobu Yahiro1
1Department of Physics, Kyushu University, Fukuoka 819-0395, Japan
We perform simultaneous analysis of (1) matter radii, (2) B(E2; 0+ → 2+) transition probabilities, and
(3) excitation energies, E(2+) and E(4+), for 24−40Mg by using the beyond mean-field (BMF) framework
with angular-momentum-projected configuration mixing with respect to the axially symmetric β2 deformation
with infinitesimal cranking. The BMF calculations successfully reproduce all of the data for rm, B(E2), and
E(2+) and E(4+), indicating that it is quite useful for data analysis, particularly for low-lying states. We
also discuss the absolute value of the deformation parameter β2 deduced from measured values of B(E2)
and rm. This framework makes it possible to investigate the effects of β2 deformation, the change in β2 due
to restoration of rotational symmetry, β2 configuration mixing, and the inclusion of time-odd components by
infinitesimal cranking. Under the assumption of axial deformation and parity conservation, we clarify which
effect is important for each of the three measurements, and propose the kinds of BMF calculations that are
practical for each of the three kinds of observables.
PACS numbers: 21.10.Gv, 21.60.Ev, 21.60.Gx, 25.60.–t
I. INTRODUCTION
Recent measurements of reactions with radioactive beams
have provided much information on unstable nuclei. Of par-
ticular interest is the island of inversion (IoI), where the neu-
tron numberN is around 20 and the proton number Z is from
10 (Ne) to 12 (Mg). In this region, the N = 20 magic number
does not give a spherical ground state, because a largely de-
formed shape is more favorable. In fact, it has very recently
been reported as a result of measurements of total reaction
cross sections σR [1, 2] that the quadrupole deformation pa-
rameter β2 jumps up to large values at N = 19 for both Ne
and Mg isotopes and maintains these large values up to at least
the vicinity of the neutron drip line (i.e., up to N = 22 for Ne
isotopes and N = 26 for Mg isotopes). Other experiments
have also shown that the low-N end of the IoI is N = 19 [3].
The low-N end is thus rather well established, but the high-N
end is still under debate and hence the location is being inten-
sively studied both experimentally and theoretically; see, for
example, Refs. [4–7].
Rich experimental data have already been accumulated for
Mg isotopes in particular. In fact, data on σR are avail-
able for both even and odd N up to N = 26 [1, 2], data
for B(E2; 0+ → 2+) transition probabilities are available
for even N up to N = 22 [8–11], and data for excitation
energies E(2+) and E(4+) are available for even N up to
N = 26 [5, 11]. Among these three kinds of observables,
B(E2) is the most useful for studying the β2 deformation,
but it is also the most difficult to measure as demonstrated by
the limited amount of data. For this reason,E(2+) andE(4+)
are often measured instead of B(E2), particularly for nuclei
near the neutron dripline. The ratio E(4+)/E(2+) is a con-
venient quantity for seeing how close nuclei are to the ideal
rotor or the vibration model.
The quadrupole deformation parameter β2 is dimension-
less and hence a convenient quantity for examining the N and
Z dependence of nuclear deformation, and is often estimated
from measured B(E2; 0+ → 2+). However, this estimation
requires that the root mean square (rms) matter radius rm =√〈r2〉 is properly obtained, c.f., Eqs. (4) and (A.2) below. In
actual data analyses, the empirical formula 1.2A1/3 [fm] is
widely used as a nuclear radius, where A is the mass number.
The corresponding rms radius is rempm = 1.2A1/3
√
3/5 [fm],
when a uniform density is assumed. However, it is necessary
to confirm whether the empirical formula is reasonable. In
unstable nuclei it is expected that rm is larger than rempm be-
cause of the weakly bound nature, and hence it is possible that
the expansion effect may be misinterpreted as an increase in
β2 deformation. It is therefore quite important to measure the
matter radius rm.
The total reaction cross section σR is sensitive to the value
of rm. In fact, the values of rm have been deduced accurately
for 24−38Mg [2] by using the g-matrix folding model [12–
14] from measured σR [1]. The deduced data can be re-
garded as experimental data for rm because of the accuracy of
the model analyses. The rm values thus obtained are plotted
againstA in Fig. 1, where the finite-size effect of the nucleons
is subtracted from the experimental data. The experimental
values are larger than the results (dashed line) of the spheri-
cal Hartree–Fock–Bogoliubov (HFB) calculations with finite-
range Gogny-D1S force [15, 16]. The difference comes from
the effect of deformations, predominantly of quadrupole type,
as shown later in Sec. III B. This is a good example of the fact
that high-precision measurement of σR is useful for determin-
ing the actual value of rm including the effect of deformations.
The empirical rms radius rempm = 1.2A1/3
√
3/5 [fm] is also
plotted in Fig. 1 as a solid line. The difference between the
dashed and solid lines is rather large, and we can thus con-
clude that the data for B(E2) and rm needs to be analyzed
simultaneously in order to extract the β2 deformation param-
eter.
Measurement of σR offers the advantage over B(E2)
and/or E(2+) and E(4+) that the measurement is relatively
easy and possible for all combinations of even-even, even-
odd, and odd-odd nuclei. In this paper, however, we con-
centrate our discussion on even-even Mg isotopes in order to
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FIG. 1: (Color online) A dependence of matter radii for Mg iso-
topes. Dots with error bars show the experimental data deduced
from the measured σR, where the finite-size effect of the nucleons
is subtracted from the experimental data. The dashed line indicates
the results of spherical HFB calculations. The empirical rms radius
rempm = 1.2A
1/3
√
3/5 [fm] is also plotted as a solid line.
analyze all the data for rm, B(E2), and E(2+) and E(4+),
simultaneously.
Taking 32Mg with N = 20 as a representative nucleus in
the IoI, many mean-field calculations yield a spherical shape
for the ground state (see, e.g., Refs.[17–19]) because of the
N = 20 magicity. As mentioned above, however, large defor-
mation has been reported for this nucleus by measurements of
B(E2; 0+ → 2+) [8–10], E(2+) and E(4+)/E(2+) [11],
and σR [1], that is, rm at A = 32 in Fig. 1. In contrast,
for 40Mg with N = 28, mean-field calculations predict a de-
formed ground state [17–19]. The shell closure is thus more
fragile for N = 28 than for N = 20 [20, 21].
Very recently, state-of-the-art calculations [22] have been
performed for 24−34Mg with N = 12 – 22 in the be-
yond mean-field framework (BMF) with angular-momentum-
projected configuration mixing for the triaxial quadrupole de-
formation and the cranking frequency by employing the finite-
range Gogny D1S force. In this framework, a set of in-
trinsic mean-field states is first obtained by minimizing the
particle-number projected HFB energy with fixed deforma-
tion parameters (β2, γ) and with the rotational frequency
ωrot(Jc) that gives the average angular momentum 〈Jx〉 =√
Jc(Jc + 1). The HFB states specified by (β2, γ, Jc) are
then configuration-mixed after the angular momentum pro-
jection (AMP) within the generator coordinate method. The
state-of-the-art calculations predict a deformed ground state
for 32Mg, and reproduce measured excitation energies well.
Similar systematic calculations have also been performed
within the relativistic framework in Ref. [23], although the
cranking prescription was not taken into account.
In this paper, we analyze all of the observables rm, B(E2),
andE(2+) andE(4+) simultaneously for 24−40Mg withN =
12 – 28 by comparing theoretical results with experimental
data. We use the BMF framework of the angular-momentum-
projected configuration mixing with respect to the deforma-
tion. We also apply infinitesimal cranking [24], which has
recently been shown to give a practical and good description
of low-lying rotational states. In the present calculations, we
consider only the axially symmetric deformation for the con-
figuration mixing, since antisymmetrized molecular dynamics
(AMD) shows that the average triaxiality γ is zero or small
for 24−40Mg [2] and the state-of-the-art BMF calculation in
Ref. [22] has also shown that the energy quickly increases as
the triaxial deformation increases. In fact, the present BMF
calculations agree well with the experimental data and with
the results of Ref. [22] for E(2+) and E(4+) in 24−34Mg,
as shown later in Sec. III D. The present BMF framework is
thus considered rather reliable. It is therefore of interest to
apply the present BMF framework to the simultaneous analy-
sis of the three kinds of observables to confirm the reliability
of the theoretical framework. The main result of this paper is
that the present BMF framework successfully reproduces all
of the data for rm, B(E2), and E(2+) and E(4+).
The present BMF framework allows us to investigate the
following four effects separately:
(i) The β2 deformation
(ii) The change in β2 due to the restoration of rotational
symmetry by the AMP, that is, the change in β2 from a
minimum on the HFB energy surface to a minimum on
the projected-energy surface
(iii) The configuration mixing for the axially symmetric β2
deformation
(iv) The infinitesimal cranking for AMP, that is, the inclu-
sion of time-odd components in the mean-field wave
function by the cranking procedure
The effects (ii) to (iv) are correlations we take beyond the HFB
calculations. We clarify the effect that is important for each
of the three observables and propose the kinds of BMF calcu-
lations that are practical for each of the three kinds of observ-
ables.
We explain the present theoretical framework in Sec. II.
The results of our BMF calculations are shown compared with
experimental data in Sec. III. The absolute values of the de-
formation parameter |β2| extracted from the measured B(E2)
and rm are also discussed in more detail in the Appendix. Sec-
tion IV summarizes this work.
II. THEORETICAL FRAMEWORK
The wave function of the angular-momentum-projected
configuration-mixing approach [25] is introduced generally as
|ΨIM 〉 =
∑
Kn
gIKnPˆ
I
MK |Φn〉, (1)
where Pˆ IMK is the angular momentum projector and |Φn〉
(n = 1, 2, · · · , N ) is the set of mean-field states given below.
The coefficients gIKn are determined by solving the following
Hill-Wheeler equation∑
K′n′
HIKn,K′n′ gIK′n′ = EI
∑
K′n′
N IKn,K′n′ gIK′n′ , (2)
3where the Hamiltonian and norm kernels are defined by
{ HIKn,K′n′
N IKn,K′n′
}
= 〈Φn|
{
Hˆ
1
}
Pˆ IKK′ |Φn′〉. (3)
The mean-field states used in Eq. (1) are prepared as a func-
tion of the dimensionless parameter β2 for the axially sym-
metric quadrupole deformation defined by
β2 =
4pi
5
Q20
A〈r2〉 , (4)
where the mass quadrupole momentQ20 and the mean square
radius 〈r2〉 are calculated by the mean-field wave function
|Φ(β2)〉
Q20 = 〈Φ|
A∑
a=1
(r2Y20)a|Φ〉, (5)
A〈r2〉 = 〈Φ|
A∑
a=1
(r2)a|Φ〉. (6)
In the actual calculation, the set of the β2 values is prop-
erly chosen and the configuration mixing is performed for
|Φn〉 = |Φ(β(n)2 )〉 (n = 1, 2, · · · , Nβ2), which are obtained
by the constrained HFB calculation using the quadrupole op-
erator r2Y20 as a constraint. The augmented Lagrangian
method [27] is employed to achieve the desired value of the
constraint.
In axially symmetric deformation, only the K = 0 compo-
nents survive in Eq. (1). However, it is known that the mo-
ment of inertia for rotational excitation is underestimated if
this kind of time-reversal invariant mean-field state is utilized
for the AMP calculation. The time-odd components in the
HFB wave function are important for increasing the moment
of inertia [28]. An efficient way to include the time-odd com-
ponents is the cranking method; that is, the cranked HFB state
|Φcr(β(n)2 )〉 is calculated using the cranked Hamiltonian
Hˆ ′ = Hˆ − ωrotJy, (7)
by replacing the original Hˆ . The axis of rotation is chosen
to be the y-axis, which is perpendicular to the symmetry axis
(z-axis). The so-called cranking term, −ωrotJy , breaks the
time-reversal symmetry of the wave function and includes the
Coriolis and centrifugal force effects. That is, the K-mixing
induced by the cranking term affects the excited I > 0 states
in the AMP calculations. It has been shown that the small
cranking frequency ωrot is enough to increase the moment of
inertia and the result is independent of the actual value of ωrot
used as long as it is small. This method is called infinitesimal
cranking [24]. Note that the mean-field and 0+ AMP calcula-
tions are not affected by infinitesimal cranking.
We have also studied configuration mixing with respect
to the cranking frequency, and have shown that the spin-
dependence of high-spin moments of inertia can be well
described by superposing the angular-momentum-projected
HFB states with various cranking frequencies [29, 30]. How-
ever, infinitesimal cranking is sufficient for low-spin states
like the first excited 2+ and 4+ states considered here, and
we therefore employ it instead of configuration mixing for
the cranking frequency as in Ref. [22]. Although we use
~ωrot = 10 keV for the actual value of infinitesimal crank-
ing in the following calculations, the result does not depend
on it.
Since the functions |Φn〉 are not orthogonal, gIKn cannot
be treated as probability amplitudes. We thus introduce the
properly normalized amplitude [25]
f IKn =
∑
K′n′
(
√
N )IKn,K′n′gIK′n′ . (8)
That is, the probability of n-th HFB states |Φ(β(n)2 )〉 in Eq. (1)
is given by
pI(β
(n)
2 ) =
∑
K
|f IKn|2. (9)
The rms deformation parameter, for example, is calculated by
using this probability
β¯2 = 〈(β2)2〉1/2, (10)
with
〈(β2)2〉 =
∑
n
(
β
(n)
2
)2
pI(β
(n)
2 ). (11)
Once the set of cranked HFB states, |Φcr(β(n)2 )〉; n =
1, 2, · · · , Nβ2 , is thus obtained and the amplitudes gIKn in
Eq. (1) are determined, it is straightforward [25] to calculate
the rms radius, [〈ΨIM |
∑A
a=1(r
2)a|ΨIM 〉]1/2, and the E2 tran-
sition probability,B(E2), in addition to the energy eigenvalue
EI . In actual calculations, we use the harmonic-oscillator ba-
sis expansion with the frequency ~ω = 41/A1/3 MeV, and
retain all the basis states with the oscillator quantum num-
bers (nx, ny, nz) satisfying nx + ny + nz ≤ Nmaxosc = 8. In
other words, we include the nine major shells. The numbers
of mesh points for the numerical integration with respect to
the Euler angles (α, β, γ) in the angular momentum projector
are taken to be Nβ = 42 and Nα = Nγ = 10, which are suf-
ficient for the low-spin states of essentially axially symmetric
nuclei with infinitesimal cranking. We adopt the Gogny-D1S
parameter set [16] for the effective interaction.
In the actual calculations of β2 configuration mixing, the
quadrupole moment in Eq. (5) is constrained. Constrain-
ing the β2 value is nontrivial because it depends on both the
quadrupole moment and the radius. Figure 2 shows an exam-
ple of convergence for the configuration-mixing calculation
for 32Mg as a function of the number of configurations. It can
be seen that the results are stable for Nβ2 >∼ 8, and thus we
take Nβ2 = 10 in the following calculations. The deforma-
tion parameters of the HFB states employed are in the range
of −0.5 . β2 . 0.8, which mostly covers the important low-
energy region of the potential energy curve, c.f. Sec. III A.
The sets of values, (β(n)2 ;n = 1 : 10), for the calculated Mg
isotopes are shown in Table I.
The Hill–Wheeler equation suffers from the numerical
problem of vanishing norm states [25]. To avoid this, the
4-251
-250
-249
-248
-247
-246
-245
 3  4  5  6  7  8  9  10  11
En
er
gy
 [M
eV
]
number of conf.
32Mg
E(0+)
E(2+)
E(4+)
FIG. 2: (Color online) Convergence of the β2 configuration-mixing
calculations for the 0+, 2+, and 4+ energies as the number of HFB
states with different values of quadrupole moment chosen equidis-
tantly in the range, −80 [fm2] ≤ Q20 ≤ 140 [fm2], is increased.
Nuclide β(n)2 ;n = 1 : 10
24Mg −0.45 −0.32 −0.15 0.04 0.23 0.41 0.55 0.66 0.75 0.83
26Mg −0.50 −0.40 −0.26 0.07 0.12 0.30 0.45 0.58 0.69 0.78
28Mg −0.49 −0.37 −0.21 0.02 0.19 0.37 0.52 0.65 0.75 0.83
30Mg −0.52 −0.41 −0.27 0.09 0.11 0.30 0.47 0.60 0.71 0.80
32Mg −0.49 −0.37 −0.23 0.05 0.13 0.31 0.46 0.60 0.70 0.79
34Mg −0.49 −0.38 −0.23 0.05 0.14 0.32 0.48 0.60 0.72 0.82
36Mg −0.50 −0.38 −0.23 0.04 0.15 0.33 0.48 0.61 0.73 0.82
38Mg −0.50 −0.39 −0.24 0.06 0.13 0.31 0.46 0.59 0.70 0.79
40Mg −0.50 −0.38 −0.24 0.05 0.14 0.32 0.46 0.60 0.70 0.79
TABLE I: Parameter sets (β(n)2 ;n = 1 : 10) taken for β2 configura-
tion mixing.
eigenstates of the norm kernel whose eigenvalues are smaller
than a certain value need to be excluded. This norm cutoff
value needs to be as small as possible, and we normally set
it to 10−10. However, we have found that this value is too
small for calculations including β2 configuration mixing with
infinitesimal cranking in the nuclei 24,26Mg, for which we use
the larger value of 10−7.
III. RESULTS
We performed the following four kinds of beyond mean-
field (BMF) calculations in addition to spherical and deformed
HFB calculations in order to separately investigate the follow-
ing effects: (i) β2 deformation, (ii) restoration of the rotational
symmetry by the AMP, (iii) β2 configuration mixing (CMβ2),
and (iv) infinitesimal cranking (CR).
1. BMF(AMP+CMβ2+CR): This is the full calculation
that includes the effects of (i) to (iv) with the wave func-
tion
|ΨIM 〉 =
∑
Kn
gIKnPˆ
I
MK |Φcr(β(n)2 )〉. (12)
2. BMF(AMP+CMβ2): This BMF calculation includes
the effects of (i) to (iii) with the wave function
|ΨIM 〉 =
∑
n
gI0nPˆ
I
M0|Φ(β(n)2 )〉. (13)
3. BMF(AMP+CR): This BMF calculation includes the
effects of (i), (ii) and (iv) with the wave function
|ΨIM 〉 =
∑
K
gIKPˆ
I
MK |Φcr(βmin2 )〉, (14)
where βmin2 is the value of β2 which gives the minimum
energy of the projected 0+ ground state.
4. BMF(AMP): This BMF calculation includes the effects
of (i) and (ii) with the wave function
|ΨIM 〉 = gI0Pˆ IM0|Φ(βmin2 )〉, (15)
where the βmin2 value is the same as in Eq. (14) because
the cranking frequency is infinitesimally small.
BMF(AMP+CMβ2) calculations were first performed for
the axially symmetric deformation using the Gogny D1S force
in Ref. [31]. Although we confirmed their results, we present
our BMF(AMP) and BMF(AMP+CMβ2) results in addition
to BMF(AMP+CMβ2+CR) and BMF(AMP+CR) to aid the
understanding in our discussion.
Number projection is not performed in the present work,
and number conservation is treated approximately [26] by re-
placing the HamiltonianH → H−λν(N−N0)−λpi(Z−Z0),
where N0 and Z0 are the neutron and proton numbers to be
fixed, and the neutron and proton chemical potentials λν and
λpi are chosen to be those of the first (n = 1) HFB state.
We checked the expectation values of the numbers in the full
BMF(AMP+CMβ2+CR) calculations. The average deviations
|〈N−N0〉| and |〈Z−Z0〉| for the calculated cases are typically
0.02− 0.08, and the worst case is 0.19 for neutrons in 38Mg,
which is still less than 1% of N0. Therefore the number con-
servation on average is maintained well in the configuration-
mixing calculations. The neutron or proton pairing correlation
vanishes depending on the quadrupole moment, or β2 (see,
e.g., Fig. 3 of Ref. [31]). The number fluctuations 〈∆N2〉 and
〈∆Z2〉 for the HFB states with non-vanishing pairing correla-
tions are typically about 1.4−4 for neutrons and about 1.2−3
for protons. Thus, the pairing correlations are not very strong
for these Mg isotopes, and variation after number projection
may be necessary for better treatment of the pairing correla-
tion, which is outside the scope of this work.
A. Energy surfaces
Figure 3 shows the ground-state potential energy curves ob-
tained by deformed HFB (dashed line) and by BMF(AMP)
5(solid line) calculations for 32Mg. The excited 2+ and 4+
states from the BMF(AMP+CR) calculations are also in-
cluded (the deformed HFB and the BMF(AMP) 0+ state are
not affected by infinitesimal cranking). Compared to the simi-
lar calculation in Ref. [31] which did not include infinitesimal
cranking, the 2+ and 4+ energy curves are considerably lower
in energy, which shows the importance of the effect of time-
odd components in the wave function. Although deformed-
HFB calculations yield a minimum at β2 = 0, large energy
gains are obtained by BMF(AMP) calculations for finite β2.
Consequently, BMF(AMP) calculations suggest that a con-
siderably large prolate deformation (β2 ≈ 0.42) is favored,
which is consistent with the suggestion by the experiment in
Refs. [8–11]. Thus, it is quite important to perform AMP to
obtain the correct value of nuclear deformation. The spherical
barrier, which corresponds to the energy difference between
the prolate and spherical states, is not very large (∆E ≈ 2.3
MeV). An oblate minimum is found at β2 ≈ −0.23, and
the energy difference between the prolate and oblate states is
∆E ≈ 870 keV. These results indicate that this nucleus is soft
with respect to β2 deformation and that configuration mixing
should therefore be taken into account.
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FIG. 3: (Color online) Potential-energy curves by deformed HFB
and BMF(AMP+CR) calculations for 32Mg with the Gogny-D1S in-
teraction. The ground-state (Ipi = 0+) energy as well as excited 2+
and 4+ energies are plotted as a function of β2.
Figure 4 shows the potential energy curves for 40Mg.
Again, the 2+ and 4+ energies are considerably lower in en-
ergy compared to Ref. [31]. Prolate deformation is favored in
both deformed HFB and BMF(AMP) calculations. In contrast
to the case of 32Mg, a considerably deep prolate minimum is
obtained. The spherical barrier is large (∆E ≈ 5.7 MeV).
An oblate minimum is found at β2 ≈ −0.38, and the energy
difference between the prolate and oblate states is ∆E ≈ 1.8
MeV. Thus, the effects of β2 configuration mixing may be
small for 40Mg.
We determine nuclear deformation from the β2 value that
yields an energy minimum. Figure 5 shows this value plot-
ted against A for deformed-HFB calculations (open squares)
and BMF(AMP) calculations for the 0+ ground states (closed
squares). The two results are quite different for 30,32Mg. In
the BMF(AMP) calculations, these βmin2 values are used for
the HFB states, c.f. Eqs. (14) and (15). This shows that it is es-
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FIG. 4: (Color online) Same as Fig. 3, but for 40Mg.
sential to determine it properly by calculations that restore the
rotational symmetry, particularly around A = 32 (N = 20).
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FIG. 5: (Color online) Deformation parameters β2 that yield energy
minima in deformed-HFB and BMF(AMP) calculations versus mass
number.
B. Matter radii
Figure 6 shows the rms matter radius rm for the ground-
state densities of Mg isotopes from A = 24 to 40 as ob-
tained by analysis of the reaction cross sections [1, 2]. The
finite-size effect of nucleons is subtracted from the experi-
mental data. In the calculation, the center-of-mass correc-
tion has been performed by replacing the nucleon coordinate
r with r −R where R is the center-of-mass coordinate. Al-
though this effect is small at about 1%, it is not completely
negligible. The difference between deformed-HFB results
(open triangles) and spherical-HFB results (open diamonds) is
quite large, indicating that nuclear deformation plays an im-
portant role in rm. Our full BMF(AMP+CMβ2+CR) calcu-
lations (closed squares) yielded excellent agreement with the
experimental data rexpm , compared to the deformed-HFB re-
sults. The four BMF results, that is, BMF(AMP+CMβ2+CR),
BMF(AMP+CMβ2), BMF(AMP+CR), and BMF(AMP), are
6all similar. The non-negligible enhancement from deformed-
HFB results to BMF(AMP+CMβ2+CR) results, particularly
for 30,32Mg, is thus thought to come mainly from the large
change in the equilibrium deformation caused by the AMP as
shown in Fig. 5. It should be noted that all of the multipole
deformations contribute to increasing the nuclear radius. Al-
though the effect of the quadrupole deformation is dominant
in the present study of Mg isotopes, the hexadecapole defor-
mation is non-negligible for most of the isotopes.
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FIG. 6: (Color online) Root mean square radii of Mg isotopes.
Four results from BMF(AMP+CMβ2+CR), BMF(AMP+CMβ2),
BMF(AMP+CR), and BMF(AMP) are shown by closed squares,
open squares, open circles, open down-triangles, respectively. For
comparison, deformed and spherical HFB results are also shown by
open triangles and open diamonds, respectively. Experimental radii
rexpm are deduced from measured σR [1, 2]. The solid line shows the
empirical formula rempm = 1.2A1/3
√
3/5 [fm] for the rms matter
radius in the spherical limit that is obtained from a uniform density
with a radius 1.2A1/3 [fm].
The empirical formula 1.2A1/3 [fm] is widely used for nu-
clear radii. The corresponding rms radius is also plotted as
a solid line, which shows that the formula largely underes-
timates rexpm . The matter densities are thus much more ex-
tended than typical nuclear densities with radii 1.2A1/3 [fm]
for even stable Mg isotopes. If the deformation parameter
β2 is deduced from measured quantities, it is necessary that
rexpm is available, as shown in Eq. (4). At least for lighter
nuclei such as Mg isotopes, the empirical formula rempm =
1.2A1/3
√
3/5 [fm] should not be used instead of rexpm , even
if it is not available. This is discussed in Sec. III C.
C. Transition probabilities
Figure 7 shows the results for the E2 transition probabili-
ties B(E2; 0+ → 2+) together with experimental data where
available. No effective charge is required in our calculations.
Comparing the four calculations BMF(AMP+CMβ2+CR),
BMF(AMP+CMβ2), BMF(AMP+CR), and BMF(AMP), it
can be seen that both β2 configuration mixing and infinites-
imal cranking yield non-negligible effects; those of the for-
mer (latter) is about 8% − 28% (7% − 14%). The combined
effect on BMF(AMP) reduces the B(E2) values by about
15%− 35% except for 26Mg, which is predicted to be oblate
in its ground state, c.f. Fig. 5. These effects are much larger
on B(E2) than on rm. The BMF(AMP+CMβ2+CR) calcula-
tions thus agree quite well with the measuredB(E2) when we
consider that our calculations have no adjustable parameters.
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FIG. 7: (Color online) B(E2) transition probabilities of
Mg isotopes. Four results of BMF(AMP+CMβ2+CR),
BMF(AMP+CMβ2), BMF(AMP+CR), and BMF(AMP) cal-
culations are compared with experimental data (“Exp.”) from
Refs. [8–10, 32–34].
TheB(E2) transition probability within the rotational band
provides us with information on the quadrupole deforma-
tion parameter β2. Although it is not directly observable
and a model is needed to determine its value, this dimen-
sionless quantity is quite useful and often employed in the
analysis of experimental data. Reliable estimation of β2 is
thus meaningful and is described in the Appendix; see Ta-
ble II. In the Appendix, the absolute values of β2 calculated
from measured values of B(E2) and rm are compared with
those obtained by replacing rm with the empirical formula
rempm = 1.2A
1/3
√
3/5 [fm], c.f. Fig. 11 in the Appendix.
The latter values overestimate the former by about 20% be-
cause rempm underestimates the experimental rm by about 10%
as shown in Sec. III B. This clearly indicates that simultane-
ous analysis of B(E2) and rm is important for estimating the
deformation precisely, particular in order to avoid confusing
the effects of deformation and expansion.
D. Excitation energies
The first 2+ and 4+ excitation energies E(2+) and E(4+)
are shown in Fig. 8. The excitation energies from full
BMF(AMP+CMβ2+CR) (filled squares) agree quite well with
the experimental data. For 24Mg, however, the results under-
estimate the experimental values. There are two possible rea-
sons. One is that the pairing gaps for both neutrons and pro-
tons vanish around the projected minimum in the Gogny-D1S
calculation, which makes the moment of inertia larger. An-
other possible reason is the effect of alpha clustering in 24Mg.
The results from BMF(AMP+CMβ2+CR) are rather different
7from those in Ref. [31] where the effect of cranking is not in-
cluded and the excitation energies are systematically larger,
that is, the moments of inertia are smaller. Our results are
consistent with Ref. [22] where the configuration mixing for
both (β2, γ) deformation and cranking frequency is taken into
account. This agreement indicates that the effect of triaxial
deformation might not be very important, at least for the low-
lying states of the Mg isotopes.
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FIG. 8: (Color online) Excitation energies E(2+) and E(4+)
of Mg isotopes. Four results of BMF(AMP+CMβ2+CR),
BMF(AMP+CMβ2), BMF(AMP+CR), and BMF(AMP) calcula-
tions are compared with experimental data (“Exp.”) from Refs. [5,
11] and references therein.
In contrast to the full BMF(AMP+CMβ2+CR) calculations,
the excitation energies from BMF(AMP+CR) (open circles)
are systematically lower than the experimental data. The β2-
configuration mixing thus considerably increases the excita-
tion energies of the 2+ and 4+ states. However, the results
from BMF(AMP+CMβ2) (open squares) greatly overestimate
the experimental data. This clearly shows that the effects of
the time-odd components induced by the infinitesimal crank-
ing procedure are very important. The effect of cranking in-
duces K-mixing in the wave function as shown in Eqs. (12)–
(15), which, as a result, reduces the energies of the 2+ and
4+ states but not the 0+ state in which there is no K-mixing.
Therefore, the effects of both β2 configuration mixing and in-
finitesimal cranking are important for reproducing excitation
energies for the 2+ and 4+ states of the ground-state rotational
band. The simplest BMF(AMP) almost reproduces the 2+ ex-
citation energies accidentally in these Mg isotopes. The 4+
energies, however, are overestimated considerably, and thus
the BMF(AMP) calculation does not describe the data very
well.
The ratios E(4+)/E(2+) are shown in Fig. 9. The
BMF(AMP+CMβ2) results without cranking agree quite well
with the experimental values, although the energy is spaced
too widely as can be seen in Fig. 8. Both the BMF(AMP) and
BMF(AMP+CR) results without β2 configuration mixing give
values around the ideal rotational ratio of 3.3. Inclusion of the
effects of β2-fluctuations reduces the ratio, which clearly in-
dicates that the effects of the β2-fluctuation included by the
β2 configuration mixing are very important for describing the
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FIG. 9: (Color online) Ratios E(4+)/E(2+) for Mg iso-
topes. The results of BMF(AMP+CMβ2+CR), BMF(AMP+CMβ2)
BMF(AMP+CR), and BMF(AMP) calculations are compared.
deviation from the ideal rotational behavior. The ideal ratio of
the vibrational motion is E(4+)/E(2+) = 2, which is closer
to the experimental data for 26,30Mg. However, comparing the
results of BMF(AMP+CMβ2+CR) and BMF(AMP+CMβ2),
it can be seen that the infinitesimal cranking does not affect the
ratio very much. The effect of infinitesimal cranking reduces
the excitation energies, but keeps the ratio constant. That is,
it only increases the moment of inertia without changing the
properties of the rotational motion. The β2-configuration mix-
ing describes the deviation from the ideal rotational motion
and has a large influence on the ratio E(4+)/E(2+).
Figure 10 shows the probability distributions of the 0+, 2+
and 4+ states by full BMF(AMP+CMβ2+CR) calculations.
For nuclei 24,34,40Mg, the distributions of the 0+, 2+ and 4+
states are well located in the prolate deformation side. With
the exception of 26Mg, the distributions of excited states are
also located on the prolate side. However, the distribution
of the ground state is spread across both the oblate and pro-
late sides for most nuclei. In particular, an almost uniform
distribution is seen in the wide range around the spherical
shape for the 0+ state in 30Mg. This indicates that both the
prolate and oblate configurations contribute to the ground-
state wave function. For the nucleus 26Mg, an interesting
transition in the distribution occurs from the oblate to pro-
late side in which the majority of mixing probabilities are
on the oblate side in the ground state whereas they are on
the prolate side in the 4+ state. Comparing the distribu-
tions of BMF(AMP+CMβ2+CR) calculations with the those
of BMF(AMP+CMβ2) calculations (not shown) shows that
they are quite similar to each other, although there is a slight
change in the 2+ and 4+ distributions for 26−30Mg nuclei.
Since infinitesimal cranking does not affect the 0+ state, there
is no effect on the 0+ distributions.
IV. SUMMARY
In this paper, we simultaneously analyzed the three observ-
ables rm, B(E2), and E(2+) and E(4+) for 24−40Mg us-
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FIG. 10: (Color online) Probability distributions from BMF(AMP+CMβ2+CR) calculations for the 0+, 2+ and 4+ states of Mg isotopes. The
corresponding distributions are shifted by +0.2 and +0.4 for the 2+ and 4+ states, respectively.
9ing the BMF framework with angular-momentum-projected
configuration mixing with infinitesimal cranking [24]. The
present BMF results are consistent with the results of state-of-
the-art BMF calculations in Ref. [22] for E(2+) and E(4+)
in 24−34Mg, and with the experimental data. Very recently,
Ref. [24] showed that infinitesimal cranking gives a practical
and good description of low-lying states. The present BMF
framework is thus considered to be practical and rather reli-
able. In fact, the present BMF calculations successfully re-
produce all of the data for rm, B(E2) and E(2+) and E(4+).
We thus conclude that the present BMF framework is quite
useful for data analysis, particularly for low-lying states.
We deduced the absolute value of the experimental defor-
mation parameter β2 from measured values of B(E2) and
rm, and present the resultant values in Table II in the Ap-
pendix. Although the β2 parameter is not directly measur-
able, the present BMF framework is useful for extracting the
values of β2. By comparing the values extracted from B(E2)
and rm and from measured B(E2) and the empirical formula
rempm = 1.2A
1/3
√
3/5 [fm], we show that the latter overesti-
mates the former by about 20%, since rempm underestimates
rexpm by about 10%. This clearly shows that simultaneous
analysis of rm and B(E2) is quite important not only for
determining the deformation parameter precisely but also for
confirming the reliability of the theoretical framework.
We performed a detailed analysis by using the BMF frame-
work which imposes the restrictions that the system is axially
symmetric and parity conserving. The present BMF frame-
work can take account of the following four effects, sepa-
rately: (i) β2 deformation, (ii) change in β2 by AMP from the
minimum of HFB energy surface to that of projected-energy
surface, (iii) configuration mixing for axially symmetric β2
deformation, and (iv) inclusion of time-odd components by
the cranking procedure. Important effects are (i) and (ii) for
rm and (i) to (iv) for both B(E2) and (E(2+), E(4+)). The
effect (iv) especially reduces the values of E(2+) and E(4+)
without changing the ratio E(4+)/E(2+). The effect (iv)
thus enlarges the moment of inertia. We thus propose that
BMF(AMP) calculations with effects (i) and (ii) are useful for
analysis of the matter radii, and full BMF(AMP+CMβ2+CR)
calculations with effects (i) to (iv) are useful for both the tran-
sition probabilities and the excitation energies.
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Appendix: Deformation parameter β2
In this appendix, we discuss the values of the deformation
parameter β2 extracted from the measured B(E2) and rm.
For this purpose the quadrupole moment Q20 in Eq. (4) is ex-
pected to be related to B(E2), for which the rotor model is
necessary (see, e.g., Ref. [25]). However, the validity of the
rotor model is questionable especially for the case of smaller
deformations in lighter systems. Ref. [35] gives a condition
for the validity of the rotor model for B(E2), Eq. (A.1); i.e.,
the angular-momentum fluctuation 〈∆J2〉 for the HFB state,
from which the AMP is performed, is larger than about 15~2.
In the present case, although the Mg isotopes are rather light,
the resultant deformations are relatively large, c.f. Table II.
We checked that 〈∆J2〉 >∼ 18− 35~2 for the HFB states with
deformation |β2| ≈ 0.35 − 0.45. We therefore think that the
rotor model can be applied quite safely. Thus, according to
the rotor model expression of B(E2),
Brot(E2; Ii → If ) = 〈Ii020|If0〉(Q(E)20 )2, (A.1)
where Q(E)20 is the electric quadrupole moment. The mass
quadrupole moment is extracted from the observed B(E2)
value
|Q20| = A
Ze
√
B(E2; 0+ → 2+), (A.2)
assuming the same deformation for neutrons and protons. In
this way, we extract the deformation parameters |β2| if exper-
imental rm are available, as tabulated in Table II.
Nuclide |β2| Error Ref. for B(E2)
24Mg 0.474 0.026 [32]
26Mg 0.409 0.014 [32]
28Mg 0.403 0.031 [32]
30Mg 0.336 0.023 [33]
30Mg 0.372 0.018 [9]
30Mg 0.452 0.031 [10]
32Mg 0.410 0.036 [8]
32Mg 0.351 0.037 [9]
32Mg 0.480 0.035 [10]
34Mg 0.445 0.046 [34]
TABLE II: |β2| values obtained from measured values of B(E2) and
rm by Eq. (4) with (A.2).
Figure 11 compares (a) the absolute values of β2 extracted
from measured B(E2) and rm(solid circles) with (b) values
from measured B(E2) and empirical radius 1.2A1/3 (open
squares), respectively, for A = 24− 34 Mg isotopes. The |β2|
values assuming the empirical radii (b) overestimate those ex-
tracted from the measured radii (a) by about 20% because the
empirical radii underestimate the measured values by about
10% as shown in Fig. 1. This clearly indicates that simulta-
neous analysis of B(E2) and rm is important for estimating
the deformation reliably. Figure 12 shows the A dependence
of three kinds of theoretical β2 parameters: (c) |β2| deduced
from the results of full BMF(AMP+CMβ2+CR) calculations
for B(E2) and rm (solid circles); (d) mean β2 values (β¯2)
defined by Eq. (10) (open triangles); and (e) β2 values corre-
sponding to the minimum of the 0+ energy surface obtained
by BMF(AMP) calculations (open circles), c.f., Sec. III A for
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FIG. 11: (Color online) Absolute values of (a) experimental and (b)
empirical β2 values. Experimental |β2| (solid squares) are obtained
using Eqs. (4) and (A.2) from measured values of B(E2) and rm,
while empirical |β2| (open squares) are evaluated from measured
B(E2) and empirical radii rempm = 1.2A1/3
√
3/5 [fm].
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FIG. 12: (Color online) Absolute values of three kinds of theoretical
β2 parameters: (c) |β2| obtained using Eqs. (4) and (A.2) from the
results of full BMF(AMP+CMβ2+CR) for B(E2) and rm (solid cir-
cles); (d) mean β2 values (β¯2) of Eq. (10) (open triangles); and (e)
β2 values that give a minimum of projected energy surface (open cir-
cles). These values are compared with the experimental |β2| values.
details. The |β2| values of BMF(AMP+CMβ2+CR) (c) re-
produce the experimental data quite well. The |β2| (d) also
account for the experimental data well except for 26−30Mg.
For 26−30Mg, the probability distributions are spread quite
widely across both the oblate and prolate sides of β2 with
non-negligible probability in small deformation as shown in
Fig. 10. This leads to effective reduction of deformation,
and consequently the |β2| (d) slightly underestimates the ex-
perimental data. The |β2| (e) corresponding to the mini-
mum of the projected energy surface is slightly different from
BMF(AMP+CMβ2+CR), which shows the effect of configu-
ration mixing.
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